Semi-classical description of BH, as it was originally introduced by Hawking and Bekenstein in the early seventies, where classical solutions of the Einstein equations are coupled to quantum matter fields, opened for the first time a window with a glance on the quantum aspects of gravity. The surprising properties showed by semi-classical description of black holes (BHs) called for a full quantum description for such objects. In particular, the understanding of BH entropy in terms of micro-states, as well as the behavior during the final phase of evaporation, cannot be properly described in semi-classical terms.
Introduction
The description of radiating BHs by Hawking [7] offered the first physically relevant " peep " on the mysteries of quantum gravity. After more than forty years of intensive research in this field ( see [8, 9, 10] and [11] for a recent review with an extensive reference list ) various aspects of the problem still remain to be properly explained. For example, a satisfactory description of the terminal stage of BH evaporation remains still to be understood. So far, the string theory seems to be the best candidate for self-consistent, ultraviolet completion of gravity at the Planck scale. On the other hand, following Bekenstein's idea, the BH entropy is formally identified with the area of the event horizon in Planck units. Thus, combining Hawking's definition of BH temperature with the Area Law gives a consistent thermodynamical description of semi-classical BHs dynamics. However, to give a physical ground to this interpretation one needs a proper identification of BH micro-states, i.e. a complete statistical interpretation of entropy. Beforehand one can say that the number of micro-states has to grow exponentially with the area, but the physical meaning of these micro-states is elusive in this semi-classical quantum framework. Contrary to the classical gas thermodynamics, where the entropy is a function of the volume enclosing the system, in the BH case entropy is a function of the area of the object indicating that the eventual BH micro-states should lie somewhere on the horizon surface instead of in the internal volume 2 Interestingly enough, in string theory the degeneracy of excitation states also shows the same exponential growth. This suggests an identification among highly excited string states and BH micro-states. However, a more precise stringy formulation of Bhs requires a non-perturbative formulation of string theory itself, including the interaction with higher dimensional objects, i.e. Dbranes. So far, this approach provides the correct entropy counting BH microstates at least in a limited number of cases, but not yet in general.
In this Chapter we would like to review a " phenomenological " approach taking into account the most fundamental feature of string theory or, more in general, of quantum gravity, whatever its origin, which is the existence of a minimal length in the space-time fabric [2] . This length is, so far, identified with the Planck length, or the string length, but nothing prevents it from being much longer, even down to the TeV region. A simple and effective way to keep track of the modifications of BH geometries, due to the presence of the minimal length, is to solve the Einstein equations with an energy momentum tensor describing non point-like matter. At first glance,one could think of modifying the four dimensional Einstein action to incorporate minimal length effects. To solve the modified field equations can be quite complicated. This is the case, where minimal length is introduced in the Einstein theory through the, so-called, "star-product", i.e. the standard product between fields is replaced by a non-commutative product operation making even the simplest field theory non-local and impossible to solve. The only way to handle non-local field theories is in a truncated perturbative expansion suppressing non-locality and introducing spurious derivative interactions. In the resulting approximate theory, the effect of the minimal length as a natural short-distance cut-off is lost and paradoxically infrared divergences appear even in the massive case and mix with the persisting ultraviolet divergences. A typical example of a "... cure killing the patient!". The star-product approach, while formally correct is of little practical use. For example, BH perturbative solutions of "starred-product" Einstein equations, manifest the same pathological short distance behavior of the corresponding standard solutions, in spite of introducing a short-distance cut-off [14, 15] . We argued that an alternative approach is to implement the minimal length only in the matter source. The line of reasoning is the following. The metric field is a geometrical structure defined over an underlying manifold and the curvature is a measure of the strength of the metric field. Thus, it is the response to the presence of a mass-energy distribution. The minimal length is an intrinsic property of the manifold itself, rather than a super-imposed geometrical structure. It affects gravity in a subtle, indirect way: it smears matter eliminating point-like objects as physical sources of the gravitational field. As a matter of fact, this idea goes hand-in-hand with the fundamental idea of string theory: "particles" are not matter-points, rather they are extended, one dimensional objects, whose length is of the order of the Planck length, or any other fundamental length scale. Following the above reasoning, we conclude that in General Relativity the effects of the minimal length can be taken into account by keeping the standard form of the Einstein tensor in the l.h.s. of the field equations and introducing a modified energy-momentum tensor as a source in the r.h.s. At this point one may object that the textbook approach defines BHs as "matterfree" solutions of the field equations. Even in the case of the Reissner-Nordström BH, the energy momentum tensor only describes the electric field. This way of introducing BHs is, at least, misleading and contradicts the fundamental ideas of General Relativity that the geometry of space-time is determined by the energy-momentum distribution.The only globally defined matter-free solution of the Einstein equations is Minkowski space-time. Furthermore, solving "in vacuum" faces the problem of a posteriori determination of various integra-tion constants. A crystal clear example of this difficulty is the Kerr solution, where integration constants are fixed by comparison with the geometry of a slowly rotating sphere, while everybody is aware that the rotating sphere is not the source of the the Kerr gravitation field! Furthermore, the symmetry of the "vacuum" solution, has to be imposed a priori, since there is noting in the field equations that can do the job for you. All the above mentioned ambiguities disappear once a proper matter source is introduced in the Einstein equations.
" Renormalizing " BHs: a toy-model
A well known example, in quantum field theory, of difficulties related to modeling elementary particles as structureless point like objects, is the appearance of ultraviolet infinities. When computing one-loop Feynman graphs, one finds infinite, unphysical, amplitudes for measurable processes. The simplest "cure" of the infinity disease is to introduce a suitable short-distance cut-off, which in coordinate-space is simply a "minimal length". Once divergent parts of the amplitudes are subtracted away, the (arbitrary) cut-off is replaced by sum physically meaningful quantity through a "re-normalization", i.e. re-parametrization, of the theory. Following this philosophy, we propose to re-normalize the curvature singularity in a BH geometry in a similar fashion. First, let us cut-off the singularity by introducing a minimal length into the line element. Second, relate the minimal length to the radius of the smallest physically meaningful,extremal BH . This two-step procedure will be first applied to the simples case of Schwarzschild BH. In order to remove the curvature singularity in r = 0, we introduce the simplest kind of short-distance cutoff through the replacement
where, l 0 is, for the moment, an arbitrary length scale. According with the framework one has in mind, l 0 can be thought of as the characteristic length scale of the underlying quantum theory of gravity (whatever it is), i.e. the Planck length, the string length, etc. In the technically much more involved approach of "asymptotically safe" quantum gravity, a similar "cutoff identification" was introduced in [16] for the same purpose.
3 , By skipping all the approach-dependent technicalities we write a regularized Schwarzschild metric as 
where
From the equation (3) one sees the M(r) −→ M at large distance, i.e. r >> l 0 , while in the opposite limit M (r) −→ 2M r 3 /l 3 0 . As a consequence the metric approaches the standard form of the Schwarzschild line element at large distance, and the deSitter metric
at short distance, with an effective cosmological constant Λ = 12G N M/l 3 0 . The deSitter geometry is known to be curvature singularity-free. As a matter of fact, we have replaced a physically meaningless infinite curvature point with a central deSitter condensate, where the curvature can be very high but finite. The physical mechanism leading to the disappearance of the singularity is clear, as the deSitter vacuum exerts a negative pressure balancing the gravitation pull towards the center. Thus, close to the origin, collapsed matter is supported by the negative pressure of the deSitter vacuum and can attain an equilibrium configuration.
Step two, requires to identify the physical meaning of l 0 through an in depth study of the BH geometry. The eventual horizons are obtained from the equation 4 :
The radius of the inner and outer horizon can be obtained by solving the cubic algebraic equation
For the sake of completeness, we give the exact solutions:
The first root is an unphysical negative solution. r ± are the radii of the inner/outer horizons. (6) The function (41) has a single minimum in
describing an "extremal " BH in the sense that for any M > M 0 , the radius of the outer horizon, r + , is larger than l 0 .
The extremal BH can be understood as the thermodynamical equivalent of the "minimal volume" of a real gas V 0 . As it known, the entropy of the gas is of the form S = k B ln(V /V 0 ) leading to S = 0 for V = V 0 . In the BH case, the role of the gas with volume V 0 is played by the extremal BH which is expected to have zero entropy in agreement with the third law of thermodynamics.
A second, inner horizon r − , exists for any non-extremal configuration (see Fig.(1) ). r + and r − merge into r 0 for M → M 0 . For M < M 0 no BH exists. Thus, l 0 has been promoted from an arbitrary parameter with length dimension, to radius of the horizon of the minimal size extremal BH 5 . Contrary to the case of the "bare" Schwarzschild BH, the renormalized metric admits and extremal configuration even in the absence of electric charge and angular momentum.
The existence of a de Sitter region at short distance, indicates the presence of a non-trivial energy-momentum tensor sourcing the renormalized metric (2). This energy-momentum tensor must approach a cosmological form at shortdistance. The energy density for a spherically symmetric mass distribution is given by
Let us remark that the invariant energy dentity is finite everywhere. In particular ρ ( 0 ) = 3M/2πl 3 0 and this is a necessary condition to avoid the appearance of a curvature singularity in the origin. The complete energy momentum tensor encodes energy and pressure distributions of an anisotropic fluid [25] given by
where,
, and p θ = ρ + (r/2)dρ/dr follows from the energy-momentum tensor covariant divergence-free condition. p θ is finite everywhere as well. Thus, we have a regular source leading to the everywhere finite curvature geometry described by the line element (2).
Thermodynamics
The thermodynamical description of BH starts with the computation of the Hawking temperature defined as the surface gravity of the Killing horizon over 4π:
In our case, −g 00 g rr = 1 and (11) leads to
First, we notice that T H vanishes at the extremal configuration, r + = l 0 , which eliminates the pathological behavior of the Schwarzschild solution at the final phase of the evaporation. T H increases with increasing radius up to a maximum value at r max. = (5 + 3
, then approaches zero as r + → ∞.
Another important thermodynamical quantity assigned to the BH is its entropy. After the Bekenstein/Hawking results, it is customary to identify the entropy with 1/4 of the horizon area in Planck units. Suppose we have a Planckian BH with radius and mass given by where, l P and M P are the Planck length and mass. Continuing the previous discussion, the extremal Bhs correspond to the molecular volume. In a statistical description the extremal BH should correspond to a macro-state realized by a single micro-state and, thus, has zero entropy. Apart from the general assumption of the validity of the area law, one should be able to calculate it in the same way as it is calculated for a real gas, i.e. from the first law of thermodynamics. In the case of a BH, the first law is given by:
From (15) one can derive that
For the metric (2) one finds
For large BHs, far away from extremality, V H >> V 0 , we recover the standard area law S = A H /4G N , but as the "quantum" regime is approached volume corrections become important and cannot be neglected. It is crucial to remark that the integration of (16), leading to (17) , is bounded from below by the radius r 0 of the extremal configuration as there are no smaller BHs. Thus, we obtain the generalized " area law " which also gives the form of the entropy satisfying the third law. It contains further corrections induced by the presence of the minimal length. For the "bare" Schwarzschild metric there is no extremal, minimal size, configuration and the corresponding entropy is simply on fourth of the area. Assuming that this is a "universal" behavior for all BHs, leads to an inconsistency with the third law, i.e. zero-temperature extremal BHs with non-zero entropy. Thus, even in the absence of a minimal length, whenever a BH admits an extremal configuration, the correct way to calculate the entropy is by integrating the first law from the minimal radius of the extremal configuration and not from zero. The correct definition of entropy is given by the difference of the area of the non-extremal configuration and the extremal one.
Phase transitions
In this subsection we are going to study eventual phase transitions of regular neutral BHs. We follow the analogy with finite temperature quantum field theory where different vacuum phases are studied in terms of the stationary points of effective potential. The order parameter is the vacuum expectation value of some scalar field operator expressed as a function of the temperature. Different phases correspond to different vacuum expectation values. In our case off-shell free energy, F Of f. plays the role of the effective potential while the order parameter is represented by the radius of the BH. Different phases correspond to different size BHs. The advantage of using the off-shell free energy is that T is a free parameter describing the evolution from nonequilibrium, T = T H , to T = T H states when the BH is in equilibrium with the surrounding thermal bath.
We look for the extremal of F Of f. which corresponds to equilibrium configurations.
The extrema of (22) 
proving the general property that the extrema of F Of f. corresponds to BHs in thermal equilibrium with the surrounding heat bath. If we were able to invert (24) we could find the way in which the order parameter r + evolves by varying T , as in the finite temperature quantum field theory. Unfortunately, the equation is fourth order and cannot be easily and transparently solved. However, we can obtain simple analytic solutions by considering the near-extremal and large radius limits for low temperature BHs. For near extremal configurations we find
while, for large BHs, away from extremality, we find
At low temperature r min. and r max. are the local minimum and local maximum of F Of f. . Thus, near-extremal BHs are classically stable, while large BHs are unstable and decay either towards extremality or grow indefinitely without ever reaching the equilibrium. The two extrema merge at a critical temperatureT where both (23) and 
andT = 1 2πr f lex.
Figure (3) summarizes the main conclusions of the previous analysis of phase transitions. At zero temperature there is a single extremal BH in equilibrium with the surrounding vacuum. As the temperature increases, even slightly, the free energy develops a local minimum and a local maximum, the first corresponds to a small, near-extremal, classically stable BH, while the second is a large classically unstable BH. In fact, the free energy is unbounded from below for large BHs which are colder than the surrounding heat bath. As a consequence they continue to grow never reaching an equilibrium configuration. This behavior follows from the "competition" between the internal energy end entropy entering F Of f. with opposite sign. M increases linearly with r + while the entropy increases with r 2 + . Thus, the negative entropy term dominate over the positive internal energy contribution beyond some critical size. This pathological behavior will be cured in the next section by introducing an Anti de Sitter background whose negative (inward) pressure will stop this unlimited expansion. A further increase in T leads to a critical value,T , where the maximum and the minimum merge into an inflexion point. Remarkably,T = T
max. H
, where only one unstable BH exists. For T >T BHs do not exists. The critical behavior of the system can also be inferred from the form of the heat capacity:
C H diverges for r + = r max. , it is positive for l 0 ≥ r + ≥ r max. , and is negative for r + > r max. . The near-extremal region has C H > 0 and BHs show the normal, stable, thermodynamical behavior, while in the region C H < 0 the anomalous behavior described above takes place, i.e. increasing the total mass M lowers the temperature triggering a limitless growth.
Area quantization
The results obtained in the previous discussion indicate that there is a minimal size (extremal) BH even of Planckian dimension, as well as the corresponding minimal area. Thus, we are led to an interesting conjecture, i.e. an holographically improved "Bohr quantization" of the BH. Instead of quantizing the mass of the BH, we rather quantize its area in terms of the minimal area of the extremal configuration
It follows from (31) that the radius of the horizon increases according with
By inserting (32) into (41) we obtain the quantized mass spectrum as :
For large n. highly excited BH states have mass given by
and the difference between successive mass levels vanishes as n −1/2 . This is the region where the thermal picture for the Hawking radiation makes sense since the mass levels become practically continuous. On the other hand, in the truly quantum regime transitions occur discontinuously through emission of single quanta ω given by the mass difference between nearby levels:
In this picture, the final stage of BH decay resembles more the discontinuous spectra of the atomic transitions, than a thermal radiation from an hot body.
AdS Black hole and criticality
The unboundedness from below of the free energy, we found in the previous section, is specific to the asymptotically flat boundary conditions satisfied by the the metric (2). To cure the BH instability towards a limitless growth one introduces a negative cosmological constant in the Einstein equations and solve them with the energy-momentum tensor (10) . From a physical point of view, a negative cosmological constant represents a positive (inward pushing) vacuum pressure
making an unbounded inflation energetically disfavored. A further motivation for studying AdS BHs is that in higher dimensions they have a pivotal role in the implementation of the AdS 5 /CF T duality [26, 27, 28] . This kind of duality offers a powerful tool to tackle non-perturbative features of a variety of physical systems ranging from the quark-gluon plasma [29] to fluids [30] and super-conductors [31] . The strong-coupling regime of a conformal field theory living on the flat boundary of AdS 5 is mapped by duality into the weak-coupling quantum string theory (quantum gravity) in the AdS 5 × S 5 bulk. This amazing spin-off of string theory connects 4D physics in flat space-time to quantum gravity in AdS 5 and provides a beautiful realization of the Holographic Principle [12, 13] . Sticking to our toy-model, we find the line element We have introduced a new free parameter in the model, i.e. the vacuum pressure, which will play, together with the temperature, an important role in determining the phases of the system. The two length scale l 0 and a rule the short and large distance behavior of the metric, respectively. The short distance form of the metric is again of the type
As the three parameters M , l 0 , a are free, Λ can be positive, negative or even zero. In any case the metric is singularity free being either deSitter, Anti deSitter, or Minkowski. The existence of horizons can be seen plotting the BH mass given by
as a function of r + . The plot is given in figure (4)
The temperature is given as The entropy turns out to be Let us note that (45) for large r + can be approximated with
Equation (46) shows how large radius configurations are energetically disfavored as they imply a net increase of the free energy. The negative increase from the entropy term is no more able to compensate for positive increase of internal energy. 
"Low" vacuum pressure phases
The extrema of free energy indicate existence of both multiple and single regular BHs for different values of the temperature. The alternation of single/multiple states is the signature of a first order phase transition, as in finite temperature quantum field theory, to which we refer. It turns out that single/multiple BH transitions occur at the inflection points of free energy ( extremal points of T H ). Thus, the following scenario is in place in the low-pressure regime a ≥ a c :
1. T = 0. BH is in the frozen single state. The only ground state is the extremal configuration with r + = r − = l 0 .
2. 0 ≤ T ≤ T min . BHs are in the cold single state of radius l 0 < r + < r min . This is due to the effect of the minimal length l 0 .
3. At T = T min an inflexion point appears in F of f at r + = r min .
4. T min < T < T * . New local minimum develops and the system splits into two co-existing states. The small near-extremal BH is energetically favored.
T = T
* the two minima become degenerate and the system is in a mixed state. Both BHs have the same free energy.
6. T * < T < T max large BHs become stable, while near-extremal BHs are only locally stable.
T = T max
The near-extremal minimum merges with the local maximum.
There is a new transition from multiple to a single BH state.
8. T > T max there is high temperature, single, stable BH.
The above scenario describes first order phase transitions from single to multiple BHs at T = T min and T = T max .
"High" vacuum pressure phases
One can see that the first order phase transitions take place in the low vacuum pressure regime, only. In fact, the two parameters of the theory have "opposite" effects i.e. l 0 dominates short-range distance behavior and lowers T max , while a dominates long-range region of r + and thus raises T min . It is reasonable to expect that, at the certain point, these two opposing effects will meet creating an inflexion point of the temperature. The confirmation of our conjecture is shown in Fig.(5) . In terms of the free energy the same effect can be seen in the Figure(7) , where a single minimum exists beyond the inflexion point a = 2.88 l 0 . Varying T only lowers the position of the single minimum. A complex phase structure is a general feature of several types of BH where some characteristic length scale is present in the metric [32, 33, 34, 35] . 
Gaussian regularization
In the first part of this chapter we introduced an " ad hoc " method of eliminating curvature singularities using ideas usually adopted in quantum field theory, i. e. introducing a suitable short-distance cut-off. However, there is another approach in QFT achieving the same goal but having a profound physical significance. For example, UV infinities in Feynman diagrams (beyond the tree-level) can be eliminated by replacing the bare (euclidean) propagator with an exponentially damped one [36, 37, 38, 39] 1
The meaning of the above substitution is to replace a divergent two-point Green function (in coordinate space) with a regular one solving the inhomogeneous equation
Equation (49) shows that physical particles with propagator (48) are not matter "points", but are smeared Gaussian energy distributions. In quantum mechanics Gaussian wave packets represents minimal uncertainty states, i.e. the closest one can get to a classical particle. The approach of substituting point-like particles with Gaussian matter distributions has been carried out in a number of papers in order to describe quantum mechanics and in QFT in coordinate non-commutative space(time), characterized by
where l 0 can be related to Lorentz invariant quantity
It is already widely accepted that space-time at short distances is no more modeled by a smooth manifold but something completely different. Our ignorance about the space-time Planckian phase leaves room for different hypothesis, e.g. string, loop, fractal, non-commutative, foamy phases, etc., all sharing the existence of a characteristic length scale. The introduction of l 0 as the minimal width of a Gaussian distribution is motivated by non-commutativity of coordinates (50), much like the non-commutativity of phase space coordinates in QM is characterized by . By accepting this idea, one wonders how to implement it in the case of gravity. At first glance, one could think of modifying the very definition of the metric tensor to incorporate l 0 in the space-time fabric, e.g. replacing the ordinary product of functions by the star-product. This approach, apart heavily complicating Einstein equations, has the basic flaw that any perturbative expansion in theta, truncated at a finite order, leads to the loss of non-locality of the original theory. The resulting solutions contain all the pathologies of the commutative theory (curvature singularities) in spite of having introduced l 0 from the very beginning. Alternatively, we argued that instead of changing the space-time geometry the effects of l 0 can be implemented through the matter source. The line of reasoning is the following. Metric field is a geometrical structure defined over an underlying manifold. Curvature measures the strength of the metric field, i.e. is the response to the presence of a mass-energy distribution. On the other hand, energy-momentum density determines space-time curvature. Thus, we conclude that in General Relativity the effects of l 0 can be taken into account by keeping the standard form of the Einstein tensor in the l.h.s. of the field equations and introducing a modified energy-momentum tensor as a source in the r.h.s. Thus, we choose the mass density of a static, spherically symmetric, smeared, particle-like gravitational source as [25] 
By solving Einstein equations with (52) as a matter source, we find the line element 6 6 The numerical coefficients have been numerically determined to have r 0 = l 0 .
Strictly speaking, the density (52) is non-vanishing everywhere, even if it quickly drops below any measurable value at few orders of l 0 . However, this may rise the question if a BH can be formed by such a smeared distribution. In order to answer this question we evoke the hoop conjecture [40] and adapt it to the present situation 7 . It means that we define a mean radius of the mass distribution as
the hoop conjecture assumes that whenever, for a given total mass M ,
where, r H is the radius of the eventual Killing horizon determined from (53), the metric (53) will describe a BH. The analysis of the function 7 A quantum formulation of the hoop conjecture has been recently proposed in [41] .
shows (see Fig.( )) that it admits an inner, r − , Cauchy and an outer, r + (≥ r − ) Killing horizon, which merge into a single degenerate horizon, r ± → r 0 , in the extremal case. The radius of the extremal BH is again r 0 = l 0 , as in the toy-model case, while the mass is
Thus, we find
which show that even in the extremal case the mean radius of the mass distribution is smaller that the radius of the horizon. Enough mass is confined within the horizon in order to sustain the existence of the BH. Furthermore, the metric (53) exhibits the short-distance behavior of the deSitter form with no singularity at the origin. This can be inferred from the behavior of the incomplete gamma function γ(3/2; x) for small argument
"Bohr quantization"
A closer look at equation (52) suggests an intriguing analogy with the probability density of the the ground-state wave function of an isotropic, 3D, harmonic oscillator
is the ground state wave function. In order to identify m and ω with the corresponding quantities in (52), we notice that
and the mass of the extremal BH represents the minimum energy of the equivalent harmonic oscillator, i.e. M 0 is the zero-point energy
By solving the two equations (63), (64) we find
The non-extremal BH quantized configurations are assumed to be, the l = 0 excited states of the corresponding harmonic oscillator:
Due to the spherical symmetry only even oscillator states are allowed. Thus, in this new formulation of quantum BHs, the extremal configuration is pure collapsed zero-point energy, and the excited states are non extremal BHs with discrete masses given by (67). The analogy with the harmonic oscillator [42] has to be reconciled with the requirement that even excited BH states keep the simplest geometric structure consisting of either a single extremal configuration or a non-extremal BH having one internal Cauchy horizon and one external Killing horizon only. To achieve this, instead of using the complete excited harmonic oscillator wave function, we propose to keep only the highest power of the Laguerre polynomials in the energy density
Therefore, the effective geometry describing "quantized" BHs is still described by the equation (53) with the exception that the continuous parameter M is replaced by its discrete version given by (67)
For each n the existence of the horizons is given by
However, BH being described as a quantum system one has to verify the average radius of the mass distribution is inside the corresponding horizon radius. This is known as the quantum " hoop conjecture ". 
The figure (9) below summarizes the main characteristics of the quantized BHs described above. The difference between the classical BH given in figure (1) . While in figure (1) horizons are obtained making an arbitrary cut parallel to the r H -axis, since M is a continuous parameter, in the quantized case we have distinct graphs for any value of n and for each curve a single horizontal line M = M n . Only for n = 0 there is a an extremal BH, while for n ≥ 2 we have non-degenerate BHs corresponding to excited states. For any value of n the hoop conjecture, < r >< r + , is satisfied.
Conclusions and discussion
In this chapter we have described a generalization of the standard Schwarzschild geometry which takes into account the presence of a "minimal" length l 0 which should be present in a quantum, to be, formulation of gravity. It is widely believe, from different points of view, that such a parameter should be necessarily incorporated in a physically meaningful formulation of quantized gravity. In the first part, we have restricted ourself to simple, toy-model, of regular BH in order to display novel features of such a theory in a relatively transparent way. It has been claimed [44] that the way in which l 0 is introduced is not essential and the same features are common to different models. In fact, we showed in the second part that a more complicated and realistic model shares basic features with the simpler toy-model. The effects of l 0 , in both models, are:
• to replace the curvature singularity in r = 0 by a regular deSitter core;
• to introduce a lower limit to the BH mass in the form of an extremal configuration, even in the absence of charge and angular momentum;
• to identify the radius of the extremal configuration with l 0 , in agreement with the UV self-complete quantum gravity hypothesis, where subPlanckian distances are screened by (extremal) BH formation;
• to provide a consistent final state for BH decay through Hawking radiation in the form of zero temperature extremal BH remnant;
• to remove unphysical negative heat capacity during the final stage of BH evaporation;
• to introduce corrections to the area law which is strictly valid for point-like matter sources only.
From the technical point of view, l 0 was introduced first in the source term in the Einstein equations through the properly chosen smeared matter distribution. In this picture l 0 measures the de-localization, of the otherwise point-like source, induced by quantum gravitational fluctuations of the underlying spacetime manifold. The important advantage of this approach is that one can obtain exact solutions of the Einstein equations. Alternative approaches, e.g. based on star-product, cannot achieve the same goal since one is forced to perform truncated perturbative expansion in l 0 suffering from the same pathologies l 0 is expected to have cured. The use of a Gaussian energy distribution suggests an intriguing analogy with the ground state of the quantum harmonic oscillator. This has led us to envisage a possible Bohr-like quantization scheme of our classical regular solution. This has been described in the last part of this chapter, where the following quantum picture emerges:
• the ground state is an extremal BH of size l 0 , with mass M 0 , which is the analogue of the harmonic oscillator zero-point energy.
• Excited states are non-extremal BHs with mass M n = M 0 (1 + 2n/3).
• The semi-classical Hawking picture of thermally radiating BHs remains valid for large n, while it becomes modified for small n. In the truly quantum regime the continuous thermal spectrum turns into a discontinuous spectrum corresponding to the transitions between low lying mass levels.
• Is it self-consistent to interpret the above excited states as BHs? Our answer is yes, because they satisfy the quantum version of the "hoopconjecture", i.e. the mean radius of the mass distribution is always smaller that the corresponding radius of the horizon.
In view of the quantum picture described above, one can envisage a quantum BH of mass M n as a "bound-state" of n = 2 , 4 , 6 , . . . quanta of energy ω = 2M 0 c 2 /3. The ground-state, or "zero-point " BH is given by the extremal configuration with n = 0 and M = M 0 . In the last part of this chapter, we were interested in the quantum aspects of regular BHs and have not described the thermodynamical features of the metric (53), which however can be found in [25] .
Appendix: regular Coulomb potential
In Section (2) we regularized the Newtonian potential through the substitution (1). As the Coulomb potential "suffers" from the same "illness" in r = 0, one is tempted to regularize it in the same way., i.e. we propose the following substitution
The limiting behavior of V C reg. is: 
In the presence of a minimal length, the attractive Coulomb potential develops a minimum at r = r min. and a central hard core in an analogous manner as the Newtonian potential in the gravitational case. A more physically motivated regularization starts from replacing a point-like charge density with a smeared Gaussian like distribution given by 
and the corresponding electric field, which is the analogue of the gravitational curvature, is regular in r = 0 E C reg. = e r 2 γ(3/2 ; r 2 /4θ) Γ(3/2)
This form of the electric field has been used as source in the Einstein equations to obtain the charged extension [45, 46] of the BH we discussed in Section (4).
